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Successful robotic control depends on truthful and robust dynamic models. While system

identification is generally employed to compute such models, there are challenges to applying

system ID. In the context of dynamic object manipulation the difficulty arises from the non-

linear nature of the contact phenomena. On the other hand, with pneumatically actuated

robots, the challenge is devising a suitable model class that captures the intrinsic dynamics

of the system.

The primary goal of this thesis is to push the state of the art in those areas. The thesis

makes the following contributions towards this goal:

• A novel approach to the system identification problem that solves both the problems

of estimation and system ID jointly. We show that these two problems are difficult

to solve separately in the presence of discontinuous phenomena such as contacts. The

problem is posed as a joint optimization across both trajectory and model parameters

and solved via Newton’s method.

• A novel way of modeling pneumatically actuated systems based on Computational

Fluid Dynamics and implemented as a Partial Differential Equation solver that is

augmented to handle full robotic systems.

• Validation of that model and exploration of the advantages compared to previously

employed models via the use of Reinforcement Learning in a simulated environment.



• System Identification of PDE-based pneumatic model and demonstration of its advan-

tages over the existing methods for modeling pneumatic systems.

• Successful transfer of agents learned through Reinforcement Learning to real hardware.
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Chapter 1

INTRODUCTION

1.1 Motivation

Accurate physics models are essential for any robotic control task. There are many aspects

of modeling a robot’s environment ranging from visual understanding of the objects around

a robot and their relationships, to robot’s own body and most importantly the relationship

between a robot’s body and its surroundings. In this thesis we focus on the latter two aspects.

There are also different ways of modeling a system. On one side there are approaches starting

from first principles in physics and building up towards a full robotic system. On the other

side are the approaches that bypass formal physics and instead focus on direct input (sensor

data) to output (usually control signal) link, and are usually have to be task-specific. Neither

approach on its own is sufficient in enabling autonomous robots and a combination of the

two is the path towards autonomy. In this thesis, we focus on the former (physics based)

approach.

One important aspect of robot control is manipulation of objects. In particular the

contact between an end-effector and object’s surface is of great interest as that is the only

way in which a robot effects the environment, regardless of its manipulator shape. The

problem is also very dynamic, as gravity usually drives the system towards failure (a robot

dropping its manipulation target), making manipulation one of the most challenging robotic

tasks. Reliable modeling is necessary for achieving dexterous environment manipulation.

Another interesting aspect is actuation. While electrically driven motors are most com-

mon, pneumatically actuated robots offer advantages in terms speed and strength. However

they come with much more complex dynamics, which complicates their control. Building

better understanding of pneumatic systems will enable their wider spread use in robotics.
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1.2 Thesis: contribution and organization

This thesis investigates the challenges of modeling robotic systems in two aspects: Mod-

eling contact interaction between end-effectors and objects as well as modeling pneumatic

actuators. The specific contributions are:

1. Novel solution to the system identification problem in the presence of contacts. We

tie the problem to state estimation and show that system ID and state estimation are

inextricably linked in certain cases. We use our Phantom Haptic Device based robotic

platform with 3D printed silicone covered fingers as well as IMU and motion tracking

instrumented 3D printed object. Details are discussed in chapter 2.

2. Novel Partial Differential Equation based model for pneumatically actuated robotic

systems. The framework builds upon existing Computational Fluid Dynamics ideas

and expands them towards modeling of a full robotic environment. Details are found

in chapters 4 and 5.

3. Successful Sim-2-Real of RL-trained agent to a real system with third order dynamics.

Details can be found in chapter 9.

Chapter 3 lays out some background theory that we build upon. In section 3.2 we

explore the previous work in modeling pneumatic actuators and in section 3.1 we explain

the Reinforcement Learning framework that we employ afterwards.

Chapter 4 explains the foundations of Computational Fluid Dynamics that we build upon.

In chapter 5 we expand the basic CFD model to allow it to model actual robotic systems,

and this is where most of our contribution lies.

Next, chapter 6 shows some preliminary work exploring the applicability of a PDE-based

model to real systems, while 7 compares the performance of our model against previous work

in a simulated environment.

Next, chapter 8 shows system identification of the so constructed PDE model.
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Chapter 9 shows successful Sim2Real transfer of agents learned in simulated environment

via Reinforcement Learning towards real hardware. We demonstrate that in basic building

block tasks such as pressure tracking our method outperforms existing approaches. We also

successfully show Sim2Real transfer on a third order system.

Finally, chapter 10 is the conclusion of this thesis and offers a discussion on the ideas

presented earlier and offers possible direction for further study.
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Chapter 2

SYSTEM ID WITH STATE ESTIMATION

Successful model based control relies heavily on proper system identi�cation and accurate

state estimation. We present a framework for solving these problems in the context of robotic

control applications. We are particularly interested in robotic manipulation tasks, which are

especially hard due to the non-linear nature of contact phenomena.

We developed a solution that solves both the problems of estimation and system iden-

ti�cation jointly. We show that these two problems are di�cult to solve separately in the

presence of discontinuous phenomena such as contacts. The problem is posed as a joint

optimization across both trajectory and model parameters and solved via Newton's method.

We present several challenges we encountered while modeling contacts and performing state

estimation and propose solutions within the MuJoCo physics engine.

We present experimental results performed on our manipulation system consisting of 3-

DOF Phantom Haptic Devices, turned into �nger manipulators. Cross-validation between

di�erent datasets, as well as leave-one-out cross-validation show that our method is robust

and is able to accurately explain sensory data.
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2.1 Introduction

Accurate models and state estimation are crucial components of model-based robot con-

trollers. Such controllers usually utilize a planner with which the control algorithm imagines

a future and then optimizes the plan to best satisfy user speci�cations. There are two criti-

cal requirements for this strategy to work: 1) We need to have an accurate estimate of our

current position, otherwise the resulting plan would not make any sense and 2) we need to

have an accurate physical model so that we are con�dent that the plan is feasible and will

indeed be realized by our robot.

Model predictive control (MPC) is a particular implementation of that idea which is able

to cope with slight estimation and modeling inaccuracies. The idea is that deviations from

the plan accumulate slowly and smoothly; if we replan fast enough then the controller will

still achieve the goal. MPC has been applied to contact rich tasks such as humanoid robot

walking [6], where despite it being in simulation an MPC approach is still needed because the

simulation model is di�erent than the one used for planning. Model based control has even

been applied to dexterous hand manipulation [15] where the planner has to reason about

multiple acyclic contact events.

Still, applying model based controllers to real-world contact rich problems has been an

elusive task. Even if we had perfect contact information, many tasks would still be di�cult.

For example, in manipulation tasks friction is of great importance, where not only the contact

state matters but the friction force and normal forces are what allows one to hold an object

against gravity, or change its con�guration. This problem manifests itself both in the planner,

which has to plan those contact forces, as well as in the estimator that needs to reason about

them. Due to their nature, contacts introduce very sharp nonlinearities in the dynamical

model, which makes the control and estimation tasks much harder. Even slight error in state

information will cause incorrect contact state which will result in signi�cant misprediction

when used by a controller.

Robots are usually equipped with plenty of sensors, including force, tactile and motor
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torque sensors in an attempt to cope with those challenges. Similarly a human hand is

covered with tactile sensors and our muscles are equipped with tendons which have force

sensors embedded in them. Our brains are able to fuse this information into an intuitive

state estimate. We are also able to predict the e�ects of our muscle actions on the objects we

grasp. Similarly we aim to enable robots to do the same in what we call physically consistent

state estimation. Physical consistency means our estimator is able to explain all the observed

sensory data with its dynamical model of the world.

The standard procedure for system identi�cation of a robot is to collect data while it

is doing a task and then optimize over certain model parameters so as to maximize the

predictive accuracy of the model. For example, if we have access to an inverse dynamic

simulator, given a state trajectory it can compute the motor torques that must have produced

that behavior, which we can compare with the collected data and determine success. Or with

a forward simulator we can judge by its ability to accurately simulate certain time interval of

the future. That strategy works well for smooth systems, but it fails as soon as we encounter

contacts as shown in Figure 2.1. For example, trying to estimate the coe�cient of friction

between an end e�ector and a surface would be impossible if we had a distance of even 1mm

between them in our state estimate (the typical error of motion capture system like Vicon

and a robot like a Phantom). This is the case because estimating friction requires knowledge

of the normal force, which in physics simulators is greatly dependent on the interpenetration

(or distance in the case of remote contacts) between the two objects. Therefore it is essential

to consider both problems of estimation and system identi�cation together.

The main contribution of this paper is a joint system identi�cation and estimation frame-

work that optimizes over both a trajectory and dynamical model with the goal of achieving

high consistency. To the best of our knowledge this is the �rst paper to present such a combi-

nation while using a full-featured physics simulator, MuJoCo [35]. Furthermore we propose

solutions to associated challenges such as tangential contact deformations and remote contact

sensing.

This paper is organized as follows. In section 2.2 we discuss previous approaches to system
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Figure 2.1: Example of system identi�cation failure trying to estimate the contact parameters

between a robotic �nger and a 3D printed object. The �nger is sliding on the surface applying

various amounts of pressure. The black graph shows the distance between the end-e�ector

and the stationary object, estimated purely from motion capture and joint encoder inputs.

When the �nger is too far from the object (more than 0:2mm away) the physics simulator

predicts zero normal force (purple graph), making the estimated sensor reading (red graph)

very di�erent than the true sensor reading (green graph). The 
uctuations of the red graph

when not in contact are caused by the simulated sensor measuring the inertial forces of the

moving end-e�ector.
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identi�cation and estimation. In section 2.3 we outline the mathematical formulation of the

optimization algorithm. After that in section 2.4 we detail some of the challenges in solving

the posed optimization problem while in section 2.5 we detail some of the contact modelling

challenges we encountered and their solutions. In section 2.6 we describe the hardware setup

and data collection. Section 2.7 presents the results. We conclude in section 2.8 and discuss

possible venues for future work.

2.2 Related Work

In our previous work [16] we developed an extension to Extended Kalman Filter (EKF) that

had two important di�erences: Instead of keeping the state of the system for the last step

only, we kept a �xed length interval and instead of a single Gauss Newton step we allowed for

a varying number, with the usual lag/accuracy tradeo�. Looking at multiple steps in the past

provides the estimator with richer context which can be used to arrive at a more physically

consistent estimate. In this work we extend the algorithm to handle system identi�cation at

the same time as estimation.

Zhang et al. also considered the problem of object tracking and identi�cation of contact

parameters together by combining a visual datastream and tactile feedback [43]. However,

they used a 2D physics engine and also their estimation is done via Particle Filtering which

proved too slow for realtime, while our gradient based approach has been successfully applied

to realtime applications [16]. Wan et al. attempt to solve the problems of state estimation,

parameter estimation (system identi�cation) and dual estimation (combination of the two)

using an Unscented Kalman Filter (UKF) [39]. However, their results are not on robotic

systems, but on arti�cial data, and it is not clear whether robotic system parameters can be

estimated in an UKF manner, without considering the whole trajectory.

The SLAM (Simultaneous Localization and Mapping) problem is very similar to ours[19][23].

Mapping corresponds to system identi�cation (learning about the environment) and local-

ization to state estimation. Instead of mapping the tangible aspects of the environment we

are modeling dynamical properties of the environment and also the state of a robot consist of
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many DOFs, whereas in SLAM the state is usually 2D or 3D. SLAM is solved via landmark

tracking techniques [19] as well as by dense vision approaches [23].

Vision based systems for state estimation have been very popular recently. Tanner et al.

developed DART that uses a depth camera to track articulated bodies [28] and extended it by

incorporating tactile information to enable tracking of objects even when they are partially

occluded [29]. They use dense camera information which enables gradient approaches and

consider contacts and interpenetrations carefully but do not use a full dynamical model

and only consider a few prede�ned states. Particle �ltering is another technique applied to

estimation in contact rich tasks by Koval et al. [14], as well as by Chalon et al. [3] who also

combined vision and tactile sensing. Koval et al. optimized the number of particles required

by placing them on the contact manifold but still the number of particles required grows

exponentially as the number of contact points increases. While vision methods provide good

estimates based only on internal sensors they cannot provide the required accuracy that is

needed by a physics simulator for planning, because for sti� contacts even small inaccuracies

have great e�ect on the dynamics. We view this approach as complimentary to ours. For

example, a vision based system can replace our motion capture system, as it is expected

that robots should be able to operate in arbitrary environments that are not equipped with

motion capture systems.

With regards to contact modeling, Gilardi et al. provide an overview of the various

approaches and attributes to consider when implementing contact models [7]. Real contacts

are rather complex and no existing physics simulator captures all aspects. We mention how

we solve some of the arising problems in section 2.5. Drumwright et al. survey the various

implementations of multibody systems with contact [5]. Verscheure et al. identify contact

dynamics with a sti� robot and using extremely precise measurement tools and do not use

a general purpose physics model [37]. It is not clear how easily a general contact model can

be incorporated into a physics engine, which is why we think it is important to perform the

system identi�cation within the framework of a physics engine.

The physics simulator that we use, MuJoCo [35], is a general purpose physics engine and
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allows simulation of robotic systems with multiple joints as well as handles contacts between

bodies, equality constraints and tendons. MuJoCo relies on a new formulation of the physics

of contact described in [35]. The computation of contact forces in forward dynamics reduces

to a convex quadratic program, while in inverse dynamics the contact forces are computed

analytically. This model also allows soft contacts, and has a rich parametrization making

it suitable for system identi�cation. Using a physics simulator such as MuJoCo bridges the

gap towards control as MuJoCo has been successfully applied in trajectory optimization for

control [15] [6].

2.3 Problem Formulation

Currently, the mode of operation of our framework is as follows. The robot moves around,

either via teleoperation, or following a prede�ned trajectory, possibly interacting with the

manipulated object. We record sensory data including motion capture data, an IMU, a 6-

DOF force sensor at the end-e�ector, as well as joint angles and torques. We also construct a

model in MuJoCo that mirrors the realworld scene. That model includes parameters such as

masses, inertias, friction coe�cients, contact softness, etc. We then ask the question: What

is the robot/object trajectory and the set of model parameters that best explains the sensory

data? We pose that question as an optimization problem as follows.

We model the trajectory as a sequence of states:

Q = f q1; q2; : : : ; qng

wheren is the number of timesteps we consider. Each state is a vectorqi = ( � 1; : : : ; � k0; x; y; z; qw ; qx ; qy; qz),

with � 1; : : : ; � j representing joint angles andx; y; z; qw ; qx ; qy; qz being the cartesian position

and quaternion orientation of the manipulated object. We denote byj the number of joint

angles and byk0 = j + 7 the number of state variables. We do not consider velocities or

accelerations separately but compute them via �nite di�erencing from position data:

vi =
qi � qi � 1

h
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ai =
vi +1 � vi

h
=

qi +1 + qi � 1 � 2qi

h2

When computing the di�erence of quaternions we convert it to a 3D rotational velocity.

Therefore the size of the velocity vector isk, same as the degrees of freedom of our system

and one less than the number of state variables. The number of optimization variables is

thereforenk.

The inputs to the optimization problem are the sensor readings and control signals for

all timesteps:

S = f s1; s2; : : : ; sng

and

U = f u1; u2; : : : ; ung

Each sensor vector consists ofl elementssi = ( s1
i ; s2

i ; : : : ; sl
i ), which includes joint angle

sensors, motion capture position and orientation, the IMU data as well as the force sensor

readings.

At the core of the optimization lies the physics simulator MuJoCo. It is used to predict

accelerations or torques, in forward dynamics and inverse dynamics mode respectively. In

forward dynamics mode the simulator computes system accelerations for a given timestep,

given position, velocity and control signal for each DOF. In inverse dynamics mode, given

position, velocity and acceleration at a given timestep it computes the generalized forces for

each DOF, including the unactuated ones, required to produce the given motion. Since we

compare the predicted forces to the control signal it is convenient that they have the same

dimension so we de�ne the control signal for the unactuated DOFs as 0.

The basic dynamics formulas are

(âi ; ŝi ) = fwd( qi ; vi ; ui )

and

(�̂ i ; ŝi ) = inv( qi ; vi ; ai )
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In both cases ^si is the predicted sensor output given the state and control signal, produced

using MuJoCo via a generative sensor model.

Since we are doing system identi�cation, we also optimize over a vector ofc system

parameters: P = ( p1; p2; : : : ; pc), and generally we also have lower and upper bounds for

these parameters:pi 2 [l i ; ui ]. The system parameters that we consider are detailed in

section 2.3.2.

With this setup we can formulate the following optimization problems:

ˆ Problem formulation using inverse dynamics

min
P ;Q

X

i =1 :::n

kâi � ai k� 3 +
X

i =1 :::n

kŝi � si k� 2

ˆ Problem formulation using forward dynamics

min
P ;Q

X

i =1 :::n

k�̂ i � ui k� 1 +
X

i =1 :::n

kŝi � si k� 2

This optimization is done o�ine with the idea that the estimator part can be run at

realtime once a suitable model is identi�ed, as done in [16].

2.3.1 Cost terms

The di�erence between the two formulations is the cost term related to accelerations, in

the case of forward dynamics, which is substituted to a cost term related to torques in the

case of inverse dynamics. The norms used are denoted by� i , meaning they are not just

quadratic norms but can be arbitrary convex function. We call each element of the vector

ŝi � si a residual and generally we compute the norm of a residual vectorr with the formula

krk =
P

i wi f i (r i ), where wi is a weight and f i can be any smooth convex function. For

example we used the standardf (r ) = r 2 or f (r ) = er 2
� 1, which behaves similarly to

the quadratic close to 0 but acts more like a barrier function further away. The details of

specifying norms and residuals are outlined in [6]. Table 2.1 shows the set of cost terms that

we used to generate our results.
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Table 2.1: Cost terms for forward dynamics. Acceleration terms are the di�erence between

acceleration predicted from the physics engine and acceleration computed via �nite di�er-

encing from the estimated trajectory. Sensor terms are deviations from sensor readings.

Term Units Cost Term

Force sensor N r 2

Torque sensor Nm 102r 2

Joint acceleration rad
s2 10� 5r 2

Joint position sensor rad 20� 0:022e
1
2

r 2

0:022

Object acceleration m
s2 10� 2r 2

Object rotational acceleration rad
s2 10� 4r 2

Object position Vicon sensor m 10� 0:0012(e
r 2

0:001 2 � 1)

Object orientation Vicon sensor rad 10� 0:0052(e
r 2

0:005 2 � 1)

Gyro sensor rad
s 10� 1r 2

2.3.2 Physics parameters

The physics parameters that we optimize for fall in 3 categories. This �rst category is

kinematic parameters. For example, in our datasets we have the object hanging on a string.

This con�guration introduces an inequality constraint (limiting the length of the string)

in our system and MuJoCo models that with the same machinery as contacts, since an

inequality constraint is very similar to frictionless contact. Therefore the string forces are

greatly dependent on the position of its anchor point as well as the object. Similar to state

information we can use a motion capture system to estimate the anchor position but we

will have small inaccuracies again. Therefore we include the anchor position in our set of

model parameters to optimize over. When alternating trajectory optimization and model

optimization, we noticed very slow convergence in the case of hanging object. The reason

is that given an inaccurate anchor position, the best trajectory is one that is shifted by the



14

same amount as the error of the anchor, and given o�set trajectory, the best anchor position

is similarly shifted. Our joint optimization approach avoids this issue by taking optimization

step with both sets of variables together.

The second category are intrinsic dynamic parameters of our robots. Those are the

parameters that govern its interaction-free motion and include the positions of center of

mass of all links, their masses and inertia matrices, as well as joint friction and damping.

That is done in a separate process because those parameters are best inferred with a contact

free behaviour.

The most important category is the parameters related to contacts. Many of the contacts

encountered in manipulation tasks are with soft rubber-covered �ngers. There are hard

contacts as well, such as an object sitting on a table. In order to accommodate these

di�erent cases MuJoCo supports contact softness. When objects collide they experience

each other's inertia. One way MuJoCo simulates softness is by scaling the apparent inertia

depending on distance or penetration between the objects. In this paper the apparent mass

scale factor increases quadratically with penetration. Another set of parameters is the more

familiar spring parameters, namely damping and sti�ness. Overall these parameters result

in a position dependent mass on a spring damper system for contacts. The details of the

MuJoCo contact model are explained in [35]. Of course the other important parameter is

the friction which determines the shape of the friction cone. These are all parameters that

we are interested in optimizing, with the option of them being di�erent between di�erent

pairs of objects.

2.4 Optimization Algorithm

We solve the optimization problem with Newton's method. It is a second order numerical

optimization method, meaning it requires both gradient and a Hessian with which we iterate

the solution until convergence. The method is summarized as follows:x i  x i � 1 � � H � 1g.

The derivatives are computed via �nite di�erencing, as our physics simulator is not yet

capable of producing derivatives of the dynamics. Since our optimization variables are
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non-homogeneous (model parameters and state variables), the computations follow di�er-

ent paths.

Since a point in our trajectory only a�ects the dynamics of the neighboring timesteps,

computing the gradient is not very computationally expensive. It only takes 3kn+ n dynamics

evaluations to evaluate the cost and the gradient for a given trajectory. Again, since the

e�ect of changing a trajectory point is only local, the trajectory Hessian is band diagonal

and is also relatively cheap to compute via �nite di�erencing. It will take additional 9k(k+1)
2 n

dynamics evaluations to compute it exactly. However, we do not actually use the real Hessian

as it is not positive de�nite, which would make the use of Newton method infeasible. Instead

we use an approximation of the Hessian:H � J T J , whereJij = @ri
@xj

, with r i being residual

number i and x j being thej th optimization variable. Computing J also allows us to compute

the gradient by g = Jr . Computing J costs us 3nk dynamics evaluations and computingr

is done by evaluating the dynamics for each timestep, hence the total number of 3nk + n

evaluations for both the gradient and the approximated Hessian.

Unlike a state variable, a change in a model parameter, in general, will change the

dynamics for all timesteps. Therefore evaluating the parameters gradient and approximated

Hessian costs uscn, where c is the number of parameters. Computing the part of the

approximated Hessian between the trajectory variable and the model parameters comes at

no additional cost, given we have the residuals from the trajectory perturbations and model

perturbations.

A typical trajectory of 20 seconds at 200Hz with 14 state variable yields an optimization

problem with 56000 variables. ComputingH � 1g directly is impossible. Therefore we use

Cholesky decomposition and backsubstitution. Fortunately the approximated Hessian is

rather sparse with a band diagonal structure and there are fast algorithms for computing

Cholesky decomposition and performing the backsubstitution. When we addc parameters to

the optimization, the Hessian gets expanded withc dense rows and columns. Fast algorithms

exist even in those cases and, overall, the computation ofH � 1g takes less than 10% of the

total execution time of our algorithm.
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Our framework is 
exible and it allows us to optimize only model parameters, only tra-

jectory, or both at the same time. There are cases when trajectory optimization, which is

computationally heavier, is not necessary (e.g. system identi�cation of smooth dynamics), as

well as cases when system identi�cation does not make sense (e.g. running the system in re-

altime). Similarly to Wu et al. [42] we tried an EM approach to solve the combined problem,

but noticed very slow progress in certain cases and moved to a full joint optimization.

When optimizing over just model parameters we found the Matlab Optimization Tool-

box to be su�cient. However it did not scale well to hundreds of thousands of variable in

trajectory optimization. Therefore we used minFunc[27] which provides a wide selection of

algorithms and options but we found that Basic Newton method with Wolfe Line Search

performs best for our problems. Still, even minFunc had trouble with computingH � 1g,

because, due to its huge size,H , is numerically close to singular and the Cholesky decompo-

sition algorithm fails, in which case minFunc was defaulting to the extremely slow eignevalue

decomposition. We modi�ed that part of the algorithm by adding some small constant to

the diagonal of the Hessian in a Levenberg - Marquardt fashion so that it is clearly positive

de�nite: H  H + �I s:t: H � 0.

2.5 Modelling

When de�ning the optimization problem we emphasize consistency over accuracy because

accuracy is not well de�ned in the presence of modeling errors, and no physics engine can

simulate the world with absolute accuracy. For example, a common way of representing

robots is with joints and links, represented as rigid bodies. However, when forces are applied

on such a structure long robotic links bend under the load. Then they no longer satisfy the

rigid body hypothesis and in turn the joint angles lose their meaning as predictors of end-

e�ector position via forward kinematics. Such non-rigidities are usually small but also much

greater than the noise 
oor of joint-angle sensors. Another example is soft-body contacts.

Like human �ngers, robotics �ngers are usually covered with soft rubbery material. Short

of using Finite Element Methods there is no clear de�nition of an end-e�ector position. In
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Figure 2.2: The top �gures show the result of running our estimation algorithm on a sample

run consisting of the robot tapping an object. The remote contact distance is set at 0:1mm.

Clearly seen are artifacts in the estimates of the joint angle (top-left �gure) and the resulting

penetration error (black graph on the top-right �gure). This is a local minima of the opti-

mization. Still, the sensor output was predicted well (red graph) matching the raw sensor

output (green graph). The bottom �gure shows the result of successive optimizations done

with di�erent contact sensing distances, varying from 2mm (gray graph) to 0:1mm (black

graph) . Each optimization was seeded with the result of the previous, avoiding the local

minima as a result.
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this section we detail speci�c modelling choices that proved helpful in solving the system

identi�cation and estimation problems.

2.5.1 Remote Contacts

One feature that MuJoCo supports is contact forces between object that are not interpen-

etrating. As we mentioned in section 2.3 the apparent mass that the colliding bodies feel

during contact depends on their interpenetration but we can extend that outside the bound-

aries of the objects so that forces are felt at distance greater than 0. That remote distance

is another parameter that can be varied. This can be best thought of as an invisible soft

pillow that cushions the impact between two bodies. This feature allows the trajectory op-

timization algorithm to see gradients and orient itself better in the almost discrete search

space. By setting this parameter to be relatively large in the beginning we can guide the

optimization process in its initial stages and then progressively decrease to 0 it to make

realistic estimates. An example of our use of this idea is shown in �gure 2.2. Also, that idea

can help with control for hand manipulation [20].

2.5.2 Springy end e�ector

While the contact softening mechanisms in MuJoCo allows us to cope with rigid body viola-

tions in the normal direction of the contact, they still cannot explain tangential deformations.

For example, when holding a heavy object the friction force would deform a human's skin in

tangential direction, similar to what happens with the soft silicon rubber of the end e�ector.

In order to cope with that we introduced extra joints for the end e�ector, therefore making

the end e�ector non-rigidly attached to kinematic structure of the robot. The joints have

spring-dampers attached to them that always aim to return them to nominal position. The

idea is that surface deformations will be explained by load and displacement in those virtual

springs. Naturally the spring-damper coe�cients are another set of parameters we optimize

over. Another bene�t is that these springs can also explain bending and deformations of the
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Figure 2.3: Example of the e�ect of modelling the end e�ector as attached with a spring to

the rest of the robot. In this experiment the end e�ector applies force on the object with

a circular motion, causing lateral deformations of its silicon cover.Top: an estimate of a

joint angle. Two things are to be noted here: 1) The joint estimate when not using a springy

end e�ector (blue graph) has much higher amplitude compared to the sensory reading (green

graph). This is result of the compliant robot links. 2) It also is phase-shifted, as a result

of the silicon cover. The estimate with springy end e�ector (red graph) tracks the sensory

readings much better.Bottom: Estimated contact penetration between the �nger and the

object. The estimate with the springy end e�ector (red graph) is much 
atter than the one

with rigid end e�ector (blue graph). As the �nger was pressed against the object throughout

the experiment the contact depth should not exhibit 1mm 
uctuations.
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kinematic structure. Figure 2.3 shows how the springy end-e�ector helps explain the sensory

data better.

2.6 Experimental Platform

2.6.1 Hardware Overview

We explore these algorithms with our Phantom Manipulation Platform. It consists of several

Phantom Haptic Devices. We use each of them as a robotic �nger. Each haptic device is a 3-

DOF cable driven system shown in �gure 2.4. Joints are equipped with optical encoders with

resolution of about 5K steps per radian. The actuation is done by Maxon motors (Maxon

RE 25 #118743) that despite the low reduction ratio are able to achieve 8.5N instantaneous

force and 0.6N continuous force at nominal position. Even though they were designed as

haptic devices the API allows for direct torque control which is what allows us to use them

as general manipulators. The control loop is running at 2KHz.

For testing and developing our algorithms we use a single robot that performs various

motions against an object. The robot was equipped with a silicon covered �ngertip to enable

friction and reliable grasping of objects. The softness of the rubber was one of the challenges

that motivated us to carefully model contacts. There is a 6D force/torque sensor (ATI Nano

17) attached between the end e�ector and the robot. For our manipulation object, we used

a 3D-printed cylinder with known sizes.

We also rely on Vicon motion capture system, which gives us position data at 240Hz.

While being quite precise (0:1mm error), the overall accuracy is signi�cantly worse (< 1mm)

due, in part, to imperfect object and manipulator models. The manipulated object is also

equipped with an IMU (gyroscope and accelerometer) producing inertial data at 1.8KHz.

2.6.2 Data collection

When collecting data for system identi�cation we want to have no unmodelled external

perturbances. With our Phantom manipulation platform this is easy to achieve as we have
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Figure 2.4: Left: A single phantom robot manipulating a 3D-printed cylinder. Right:

Model of the scene in MuJoCo. The white spheres are Vicon markers used for motion

tracking.

several identical robots and teleoperation is a viable option since they are back-drivable. The

experimental data that involves interaction with the manipulated object was collected via

teleoperation with force feedback. For identifying the intrinsic robot model, we used a PID

controller following a prede�ned trajectory.

Each sensor had di�erent update rates therefore input data is collected at di�erent fre-

quencies. It poses a great software engineering challenge to handle non-homogeneous input

frequencies. Therefore we resample all inputs at varying frequency. We assign �ner resolution

to interesting parts of the trajectory (contacts between robot and object) and lower resolu-

tion when the robot is just moving in the air. The frequency thus varied between 200Hz and

1KHz. Inaccuracies produced by this operation are easily tolerated since our state variables

are optimization variables as well and any problems introduced by this operation will be

cleaned up in the optimization phase.

2.7 Results

Figure 2.6 is an excerpt of our results showing the loadcell readings during a typical tap of

the end e�ector on the hanging object. We note the oscillatory nature of the contact, as well
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Figure 2.5: Shown are the optimization traces for 5 datasets, each dataset colored di�erently.

Here we run only the estimation part of our framework and for each dataset we perform 5

runs each using di�erent model parameters found as described in section 2.7.2.

the intermittent period within the contact duration where the force readings are 
at. What

happens is that the �nger bounces o� the object and contact reoccurs several times until a

�rm contact is established. This is due to the compliant structure of the robot as well as to

the weight di�erence between the robot links and the object which is about 3 times heavier.

Figure 2.5 shows the objective function value as a function of optimization iteration. The

overall shape is consistent across di�erent datasets. The number of iterations required to

reach close to the minimum is about 6.

2.7.1 Leave-one-sensor-out prediction

Here we show that our framework is robust to missing sensory readings. We run the esti-

mation two times: 1) not penalizing for deviations from the force output of the ATI Nano17

and 2) not penalizing for deviations from the torque output. This simulates missing sensor

readings. Figure 2.6 shows that our predictions of the missing sensor readings match the

sensor output well.
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Figure 2.6: ATI Nano17 sensor readings during typical interaction between the end e�ector

and a hanging object. Shown is the di�erence between the sensory readings (red and blue

graphs), the estimates predicted by our physics simulator at the end of a full trajectory

estimation, considering both sensors in the cost function (green and cyan graphs) and the

estimates generated when not penalizing deviations of the corresponding sensor channel

(black and orange graphs). While considering all sensor inputs in the optimization gives

us more accurate estimates, omitting some sensors does not result in over�tting and our

framework correctly predicts the missing sensor values. Only 4 out of the 6 sensor channels

are shown since the other two closely match the shown channels.
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Table 2.2: Model parameters values from di�erent datasets

Parameter

Coe�cient Contact Spring Spring

of friction sti�ness sti�ness damping

Dataset # N
m

Nm
rad

mNm
rad

s

Nominal 1.000 100 50.0 10.0

ID #1 0.247 221 48.4 19.9

ID #2 0.288 94.8 38.5 3.2

ID #3 0.268 196 41.9 16.6

ID #4 0.213 292 46.9 12.4

ID #5 0.250 338 41.4 20.2

2.7.2 Cross-validation between datasets

Here we show that our framework is robust to over�tting. We perform joint system identi-

�cation (sysID) and estimation on each of 5 datasets independently. The model parameters

found in each of the 5 runs are shown in table 2.2. Then we perform only the estimation

part of the algorithm on all 5 datasets using the model parameters from: 1) hand tuned

model parameters and 2) the �ve sets of parameters found found previously when running

sysID (labeledID #1 : : : ID #5 ) on each of the datasets. The minimized objective function

values are summarized in table 2.3. Within each dataset the cost when using the parame-

ters estimated from the same dataset does not di�er signi�cantly from the cost when using

parameters identi�ed using the other datasets. In all cases, the resulting cost is signi�cantly

lower than when using the hand-tuned model parameters. The model parameters found

using di�erent datasets are fairly close with few exceptions. The contact sti�ness and the

damping of the end-e�ector spring parameters vary between the di�erent datasets. This is
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discussed in the next section.

Table 2.3: Cross-validation between di�erent datasets

Model parameters from

Dataset # Manual ID #1 ID #2 ID #3 ID #4 ID #5

1 246.7 112.8 122.8 103.2 114.4 106.3

2 124.6 60.96 50.69 58.45 56.10 56.97

3 296.8 126.0 154.8 133.4 126.7 151.9

4 282.7 143.2 144.4 126.9 128.2 137.3

5 342.8 118.5 157.9 111.0 171.0147.1

2.7.3 Robustness to parameter initialization

We run our algorithm on the same dataset, starting with 33 di�erent initial parameter values.

Table 2.4 shows the resulting distributions of �nal cost and the estimated parameters. Again

we note that the contact sti�ness and the damping of the end-e�ector spring parameters

have bigger variance. This indicates that the datasets do not contain enough variability of

dynamical motion which will be addressed in future work.

2.8 Conclusion and Future Work

We present a framework for system identi�cation and dynamically consistent state estima-

tion. We show results for basic robot-object interactions. By enabling consistent state

estimation we hope to improve model based controllers in the real world. We show that

using a hand-tuned model parameters produces worse estimates than when using system

identi�cation together with the estimation.

There are two venues for future work. First, we will improve the optimization tools by
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Table 2.4: Final values distribution

Parameter Units Mean Variance

Final Cost 126.7 18.0

Friction coe�cient 0.2770 0.0079

Contact softness N
m 272.3 102.9

Spring sti�ness Nm
rad 41.3 0.93

Spring damping mNm
rad

s
15.86 1.51

enabling constrained optimization in the parameter space. A problem we encountered is the

optimizer asking our physics simulator to reason about non-physical values such as negative

mass or coe�cient of friction. Another improvement would be to optimize over di�erent

behaviors jointly as well as to increase the complexity of the scene by adding more robotic

�ngers.

While we performed various validations and show that our optimization is robust to

change in input data, it remains to prove its e�ectiveness to control applications. The most

important venue for future work is to implement realtime version of the algorithm and apply

the realtime estimation in a model based controller. Closing the loop with a controller would

be the ultimate validation tool as we can quickly determine what is the quality of the results

needed to achieve certain tasks. Another advantage is that we will be able to check which

modelling choices are helpful in estimation and not a hindrance in control. In general, a

more complicated model would give us better explanatory power in the estimation phase

but would make controller or planner's work harder. Keeping a sane middle level is very

important and closing the loop is what would allow us to do so. We see our framework as

a tool to discover new ways to model robots and their interaction with the environment in

applications of state estimation and control.
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2.9 Applications

Training agents with Reinforcement Learning has been challenging due to the requirement

for large amounts of training data. Model-based Reinforcement Learning is an alternative

to this approach, with the potential problem of mismatch between the real world and the

simulated system.

Figure 2.7: Phantom robots manipulating

an object.

Our framework has recently been used for

successful simulation-to-reality transfer of Re-

inforcement Learning agent in (Lowrey et. al

[17]). We used our system identi�cation pro-

cedure to identify the models of 3 Phantom

robots, as well as the dynamic parameters of

the same cylinder. Then, usingNatural Pol-

icy Gradient (explained in more detail in sec-

tion 3.1.2) we trained an agent to control the 3

robots to push the object around so it follows

a desired trajectory. The experimental setup

is shown in �gure 2.7.

One of the contributions of this work is the

training with an ensemble of models makes the

learned policies more robust to modeling er-

rors, thus compensating for di�culties in system identi�cation. The mass of the cylinder is

varied and then a policy is trained that works simultaneously on all the di�erent masses is

executed on the real system. Complete results and description of the methods can be found

in [17].
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Chapter 3

BACKGROUND
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3.1 Reinforcement Learning

In our model comparison in chapter 7 we use Reinforcement Learning (RL) as a tool to

analyze the di�erences between the two models. RL is a suitable environment in which to do

such comparisons, because the product of Reinforcement Learning algorithm is a feedback

policy that solves a given task. Due to exploration such policies are generally robust to

small amounts of noise and model di�erences, hence, when executed on di�erent models will

highlight their di�erences quite e�ectively.

In this section we explain the basics of Reinforcement Learning. Section 3.1.1 lays the

foundations and de�nes important concepts. Section 3.1.1 introduces policy gradient meth-

ods for solving RL as well as the basic algorithmREINFORCE [41]. Finally section 3.1.2

explains brie
y an improvement toREINFORCE, calledNatural Policy Gradient, introduced

in [12] and its application to continuous control.

3.1.1 MDP Formulation

A Markov Decision Process (MDP) is de�ned as the tupleM = fS ; A ; R; T ; � 0; 
; T g. S �

R n is a set of states,A � R m is a set of actions that generally can be state dependent

but in the particular continuous control setting that we have does not depend on the state.

R : S � A ! R is the reward distribution while T : S � A ! S is the transition distribution.

Often R and sometimesT are deterministic functions, like in our simulated environments,

but for the purpose algorithm exposition we treat them as stochastic. Largely, algorithms

are agnostic to whetherR and T are deterministic or not. � 0 is a distribution over initial

states. The basic premise of an MDP is that we have an agent starting according to the

initial distribution, and in each turn the agent select an action fromA and then transitions

according to T and receives reward according toR. Usually this behavior (an episode)

continues for a number of stepsT or until stopping criteria are met (at the terminal states)

and the goal is to maximize the discounted total collected reward. Equation 3.2 explains

the use of
 for discounting. There are many variations on the exact formulation, which are
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found in [32].

In order to simplify exposition we drop the hard requirement that episodes have length

T by transforming the M . We extend the state space by a time indext and denote all states

at t = T + 1 as terminal states. Therefore we can treat each episode as potentially in�nite

and T as a random variable.

We seek to �nd a stochastic policy� : S ! A , a probability distribution over action space

for each state, that governs the behavior of our agent. We de�ne rollout as a sequence of

state, action and reward triples

((s1; a1; r1); (s2; a2; r2) : : : (sT ; aT ; rT )) (3.1)

collected according to the MDPM and the policy � as follows: s1 � � 0, ai � � (si ),

r i � R (si ; ai ) and �nally si +1 � T (si ; ai ). Return is de�ned as a function of a rollout

Gt =
TX

t=1


 t � 1r t (3.2)

which can easily be computed from a rollout. The discount factor
 2 [0; 1] prioritizes

immediate rewards and it is useful to speed up learning, since we can never be sure what

e�ect our immediate action would have on the far future. It is discussed in more detail in

[30] and [32].

For a deterministic system it does not make sense to have a stochastic policy, but this

formulation helps certain algorithms with exploration and eventually given enough training

the distribution would collapse to a point given the chance [12]. We denote� � a policy

parametrized by and di�erentiable w.r.t � .

For a given MDP M we introduce the following useful functions. The value function is

de�ned as

V � (s) _= E� [Gt jst = s] = E�

"
1X

k=0


 t r k+ t+1

�
�
�st = s

#

(3.3)

is the expected return starting from a states and following the policy � . The Q function is
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very closely related and is de�ned as

Q� (s; a) _= E� [Gt jst = s; at = a] = E�

"
1X

k=0


 t r k+ t+1

�
�
�st = s; at = a

#

(3.4)

The di�erence between the value function and theQ function is that the Q function assumes

the �rst action is chosen already. And �nally we have the advantage function

A � (s; a) = Q� (s; a) � V � (s) (3.5)

indicates how much better is choosing actiona than the default policy behavior. It is of

prime importance in learning policies.

Policy Gradient Methods

We de�ne our objective function as a measure of performance as

J (� ) _= Es1 � � 0 [V � � (s1)] (3.6)

The policy gradient theorem[32] states that

r J (� ) /
Z

s
� � � (s)

Z

a
Q� � (s; a)r � � (a; s) (3.7)

Here the gradient is w.r.t� and � � � (s) is a probability distribution, the normalized expected

amount of time we spend in states following the policy � � . Now we can use data obtained

from a rollout to approximate the policy gradient. We drop the subscript� where appropriate.

First we note that
Z

s
� � (s)

Z

a
Q� (s; a)r � (a; s) = E�

� Z

a
Q� (st ; a)r � (a; st )

�
(3.8)

because the probability of being in states is approximated without bias by sampling from

the policy in the form of rollouts [32]. Continuing with the substitution with real data

r J (� ) = g / E�

� Z

a
Q� (st ; a)r � (a; st )

�

= E�

� Z

a
� (a; st )Q� (st ; a)

r � (a; st )
� (a; st )

�

= E� [Q� (st ; at )r ln � (at ; st )]

= E� [Gt r ln � (at ; st )]

(3.9)
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The last step follows because the return is an unbiased estimator of theQ function [32].

So �nally we have

\r J (� ) = bg =
NX

i =1

Gi r ln � � (ai ; si ) (3.10)

where the triplets (Gi ; si ; ai ) are obtained from potentially numerous di�erent rollouts. Now

we have sample based estimate of the policy gradientbg and can implement the simplest

iterative gradient ascent algorithm calledREINFORCE [41]:

� k+1 = � k + � bg (3.11)

The return in equation 3.10 can be combined with any function that does not depend on the

particular action taken. A popular choice is to subtract an estimate of the value function

Gt � bV(s), which is an approximator of the advantage function. This idea can be further

extended to Generalized Advantage Estimationstrategy [30], which is what we use. For

approximating the value function bV(s) we use a simple neural network.

3.1.2 Natural Policy Gradient

One problem with the standardREINFORCE algorithm is the di�culty of choosing the

learning rate � . Moreover the algorithm is not invariant to the scale of the parameters,

which generally necessitates low learning rate and that slows down optimization greatly.

Speci�cally the units of r J are 1
return , so the learning rate� has units of parameters

return needs to

map between parameter space and inverse return space, which is not an intuitive task, since

the parameters, in general, have vastly di�erent ranges.

One solution to this problem is to �nd a better search direction. TheNatural gradient[1]

in the form of F � 1
� g is a better direction when the vector of parameters� parameterize

a probability distribution. Here F� is the Fisher Information Matrix. Kakade et. al [12]

extends this idea toNatural Policy Gradient and provides sample based estimator forF� :

cF� =
1
N

NX

i =0

[r ln � � (ai ; si )] [r ln � � (ai ; si )]
T (3.12)
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Another way to arrive at same search direction is to form a local trust-region optimization

problem around the current estimate� k , similarly to [31] and [25]. We linearize the reward

around the current estimate and use the Fisher Information metric as the distance metric.

min
�

bgT (� � � k)

subject to (� � � k)T cF� k (� � � k) < �
(3.13)

This constraint based on the Fisher Information Metric ensures that the new parameter

vector � k+1 corresponds to a probability distribution such that average Kullback{Leibler

divergence between the old and new distribution satis�esDKL (� � k k� � k +1 ) < � . This has a

nice intuitive interpretation: Modify the parameter vector so as to increase the total reward,

while staying close to current policy, and exactly how close is determined by� . The solution

to this optimization problem [25] is given by

� k+1 = � k +

s
�

bgT cF� k

� 1
bg

cF� k

� 1
bg (3.14)

This reduces the task of choosing a stepsize to selecting� , which has a much easier interpre-

tation than � in section 3.1.1.
Algorithm 1: Natural Policy Gradient
1 Initialize the policy parameters� 0

2 Initialize the value function approximation bV0
3 for k  0 to K do
4 Sample episodes (e1; : : : ; eN ) by rolling out the current policy � �
5 for each timestept in each trajectory do
6 Compute return Gt according to 3.2
7 Compute state value estimatesvt = bVk(st )
8 Compute generalized advantagesA t according to [30]
9 Compute r � ln � � k (at ; st )

10 end
11 Compute the policy gradientbg according to 3.10

12 Solve cF� k

� 1
bg using conjugate gradient and perform the policy update 3.14

13 Update the value function bVk ! dVk+1 using the return-state pairs (si ; Gi )
14 end

Our implementation is based on Rajeswaran et. al [25] and a pseudocode is provided in

algorithm 1.



34

3.2 Existing Models for Pneumatic Actuators

Modeling pneumatically actuated robotic system involves several components. The path of

the air starts at our pressure source, usually a compressor. Then it passes through several

on/o� valves, condensers, puri�ers, etc. and a thick pneumatic line that splits into many

small individual lines. Each small line in turn, passes through (usually proportional) control

valve, after which follows another line that leads to one end of a pneumatic actuator. In a

kinematic system, usually each DOF's actuator is connected to two pneumatic lines due to

inability to create negative (below atmospheric) pressure. The proportional valves also o�er

exhaust port. Figure 3.1 shows a diagram of pneumatic system with pneumatic actuators.

Figure 3.1: Pneumatically actuated robotic system

Previous research has focused primarily on modeling the 
ow through the �nal valve

before the actuator [2][34][33]. The 
ow is traditionally assumed to satisfy the Ori�ce Plate

(�g. 3.2) 
ow model that assumes a region of high pressure, a region of low pressure and a

variable-area ori�ce in between to estimate the mass 
ow through the valve. Additionally

there is a fudge factor included to account for imperfect setup (shape of ori�ce, etc.). Often
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that model is deemed insu�cient and various data-�tted approximate equations have been

developed in [2] and [33]. The details of this model and how it relates to our work is discussed

in more detail in section 3.2.1.

Other research based on the ori�ce plate model include [9] and [10] which focus on es-

timating cylinder pressure without the use of sensors as a cost saving mechanism. While

having a good estimator is very important, nowadays the cost of pressure sensors is insignif-

icant compared to the rest of a pneumatic system. Moreover, having a good model allows

for better observer as well as a better controller.

Figure 3.2: Thin Plate Model

When a command is sent to a valve there is a delay in the valve response. This is largely

ignored in existing literature. Few exceptions include [2], which acknowledge it but decide

not to model the valve motion. Only Hurmuzlu et al. in [26] model the spool motion but they

do not do data �tting on the valve model at all and only assume circular ori�ce modulated by

PID-controlled valve and calculate the 
ow through the valve using the Ori�ce plate model.

The delay due to the �nite signal propagation speed in a pneumatic lines is largely ignored

with the exception of [26], which is discussed in section 3.2.2.

3.2.1 Ori�ce Plate Model

The ori�ce plate model is the most commonly used for representing the 
ow through a

pneumatic valve. It assumes there are two regions called upstream (higher pressurepu) and

downstream (lower pressurepd) and a thin plate with an ori�ce between them (�g. 3.2).
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Then depending onpu, pd and the ori�ce area the 
ow is assumed to be in one of two

conditions: choked and un-choked. Choked 
ow means the 
ow is fully saturated and only

depends on the upstream pressure. The conditions for choked 
ow are that

pd

pu
< (

2

 + 1

)




 � 1 (3.15)

The un-choked 
ow is given by

_m =
CeA � pup

RT

vu
u
t 2



 � 1

 �
pd

pu

� 2



�
�

pd

pu

� 
 +1



!

; (3.16)

where R is the speci�c gas constant,
 is the heat capacity ratio of the gas andCe is a

discharge coe�cient that depends on factors such as the shape of the ori�ce, etc. We refer

to this as the fudge factor and is usually empirically estimated. The choked 
ow is given by

_m =
CeA � pup

RT

s



�

2

 + 1

� 
 +1

 � 1

: (3.17)

Some authors [2] choose to model the valve as a converging nozzle with variable minimal

area, but the resulting formulas are the same. There are two problems with these approaches.

First, the assumptions for a converging nozzle or ori�ce plate do not exactly re
ect the reality

of a valve internals. Usually the air travels through a maze of ducts and chambers and then

escapes through a variable area ori�ce. However, the extra obstacles (�g. 3.3) along the way

complicate the 
ow and do not resemble the theoretical basis of the model. This problem

might be overcome with empirical �tting of the fudge factor as well as empirical relationship

between valve command and e�ective ori�ce area, such as done by Todorov et al. [34]. Figure

3.3 shows a typical proportional valve.

The bigger problem perhaps is the requirement of knowingpu and pd. Most research

assumes thatpu (or pd in the exhaust case) is constant and equal to the supply pressure (or

the atmospheric in the exhaust case). However, as mentioned, there is a long pneumatic line

between the compressor and the valve and the pressure at the input of the valve drops when-

ever it is opened and there is a pressure gradient formed throughout the whole pneumatic
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Figure 3.3: Proportional Valve in the2/ 3 con�guration. It has 2 inputs and the piston controls

which input and to what extent is connected to the output. Magenta shows the piston fully

open towards Input 1, while cyan corresponds to the piston fully open to Input 2. The piston

is usually actuated via a solenoid (see chapter 5.4).

line between the actuator and the compressor. This can be alleviated by using sensors at

all the ports of each valve. However, that doesn't solve the problem that we cannot model

the evolution of the upstream and downstream pressures and such model will have poor

predictive capabilities, which is essential for agile control.

3.2.2 PDE-based model

Hurmuzlu et al. [26] present a PDE model of the air 
ow between the valve and the actuator.

It is not the full set of equations that govern compressible 
ow. It is missing terms related

to temperature and energy. They solve the simpli�ed equation analytically, and derive delay

and attenuation of the 
ow entering the actuator relative to the 
ow at the valve. This largely

solves the propagation delay problem. Our work is originally inspired by this work and we

attempt to model the full featured set of equations governing 1-dimendional compressible


ow.

We extend the PDE idea to include the whole pneumatic line, including long actuators,
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as opposed to just modeling the line between a valve and its associated chamber. We also

extend to handle multiple actuators connected to the same source input line.

While [26] again use the ori�ce plate model to model the valve 
ow, we chose to use

simpler method for now, that naturally �ts in the PDE framework. The speci�c choice of

valve model is orthogonal to our work and can be swapped with any other model, which we

intend to investigate in the future. Currently we aim to show the need for a model that can

model 
ow through pneumatic lines more accurately.
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Chapter 4

FLUID DYNAMICS BACKGROUND

This chapter gives the basic background knowledge in Computational Fluid Dynamics. In

section 4.1 and 4.3 we present the main equations that govern air 
ow through a pneumatic

line. In section 4.4 we present methods for solving those PDEs. The speci�c ways CFD is

applied towards pneumatically actuated system is detailed in chapter 5.

4.1 Fluid Dynamics

We begin with a short overview of 
uid modeling. More details can be found in Statistical

Mechanics and Thermodynamics books. An excellent reference on the topic is [13]. This

serves mainly to familiarize the reader with the topic.

A 
uid is a collection of molecules and atoms each having position, mass, velocity as

well as internal energy state. The internal energy only applies to molecules and represents

the energy of the molecule rotation around its axes and other internal degrees of freedom

(DOFs). Normally those particles have random velocities bouncing against each other in a

random walk. While that is physically accurate such models are in general useless due to

the impossibility of observing or simulating such large number of entities. Therefore in 
uid

analysis we have converged to space-averaged quantities, that describe the essential behavior

of those particles in the limit at any given point. We have density (mass per unit volume),

usually denoted with � and units of kg
m3 . With velocity a simple averaging would lead to

information loss, therefore we split the velocity into a squared magnitude average (random

motion) and regular averaging (directional motion). The simple average corresponds to 
uid

velocity at a given point in space and is represented withu and units of m
s , and can be

represented by 1, 2 or 3 scalars depending on the dimension of the simulation. The averaged
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magnitudes give rise to another intuitive quantity: pressure (denoted byP and units of

Pa = kg
s2m ). The random motion as well the internal particle energy are together called

internal energy (denoted withI and units of J = kg m
s2 ) together give rise to the sensation of

temperature (denoted byT and units of K ).

The 4 variables (� , u, P and T) are not independent. As it turns out the internal energy

state and the random motion are tightly coupled and under ideal gas law we haveP = �RT ,

where R is the speci�c gas constant. There are two more variables that are often used:

momentum and energy. Momentum, M , (per unit volume) is speci�ed in units of kg m
s m3 and

is computed by M = �u . Energy, E, (per unit volume) is speci�ed in J
m3 = kg

s2 m and is

computed as the sum of kinetic energy (� u2

2 ) and internal energy I = P
� � 1 , where � is the

heat capacity ratio of the gas. Interestingly, energy per unit volume has the same units as

pressure. Collectively density, momentum and energy are called conservative variables since

their integral over a closed system does not change in the absence of external forces.

The concepts of ideal gas law, speci�c gas constant and heat capacity ratio are terms

from basic 
uid mechanics and are explained in introductory books such as [22] and [40].

From now on we assume we have ideal gas law conditions, which stops being useful only

at extremely high or low pressures and temperatures. For everyday phenomena, such as

pneumatic actuators, we can assume it holds. We also assume the gas in question is standard

air and � and R refer to the speci�c constants for air. We also assume those constants are

constant with respect to the state of the gas, which is a good approximation while the actual

dependency can easily be incorporated.

The set of state variables used to represent the state in a simulation is not particularly

important since is it straightforward to convert between them. The one place where it

matters is for �nite volume approximations where the non-linearity of the transformations

between them comes into play and might violate the conservative laws. We chose to use

density, velocity and pressure (� , u, P) as they are more intuitive and immediately useful,

as well as making the derivation of the PDE easier to understand.
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4.2 Conversion formulas

Table 4.1 shows the conversion formulas between all the dependent units and more impor-

tantly between the conservative units and the standard intuitive units.

Name Symbol Units Relation with others

Density � kg
m3 � = P

RT

Velocity u m
s u = M

�

Pressure P N
m2 = kg

s2m P = ( E � 1
2 �u 2)( � � 1)

Temperature T K T = P
�R

Momentum per volume M kg
m2s M = �u

Energy per volume E kg
s2m E = �u 2

2 + P
� � 1

Table 4.1: Units conversion table

4.3 Euler Equations

What follows is a short sketch derivation of the basic equations of compressible gas 
ow.

This particular approach is useful in understanding some of the solution methods in the next

section, which would be non-intuitive with just a PDE as a starting point. A full detailed

derivation can be found in [24].

We seek to �nd a relationship between the spatial and temporal derivatives of� , u, P.

We only focus on the 1-dimensional case since, so momentum and velocity are scalars. To

help derive that it is useful to think of a small interval �x (cell) and try to understand what

happens to it in time �t , in particular to the quantities of mass, momentum and energy.

We assume that right is the positive spatial direction. In the following equationsA denotes

the cross sectional area of the 1-dimensional pneumatic line we are simulating, which can

vary with space but not with time so @A
@t = 0. The usual 1-dimensional equations one can
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Figure 4.1: 1-Dimensional 
uid system

�nd in the literature do not have the area term, as with varying area the 
ow cannot be

fully categorized as 1D due to transverse e�ects, it still is a very good approximation and is

particularly useful for our purposes. Figure 4.1 shows a diagram with the in�nitesimal cell

�x and its walls.

The amount of mass present in a cell ism = �A�x . In time �t it changes because some

of it left and some other mass came into the cell. Both can happen through either left or

right boundary depending on the velocity of the 
uid at those boundaries. Overall we have

rhoA�x j t+ �t = �A�x j t + � lA lul �t � � r A r ur �t (4.1)

where l and r subscripts denote the left and right boundary respectively. In the limit of

�t ! 0 and �x ! 0 we have

A
@
@t

� +
@

@x
(�Au ) = 0 (4.2)

The amount of momentum in a cell is

mu = ( �A�x )u (4.3)

The change in momentum is due to three factors. First is the amount of matter with given

mass and velocity that enters or leaves the cell. At the left boundary, for example, matter

with mass � lA l (ul �t ) and velocity ul enters the cell, for a combined e�ect of� lA lu2
l �t change

in momentum. The second e�ect is the force of the neighbor cell acting for a time of�t . At



43

the left boundary that is PlA l �t . The third contribution is the wall reaction force due to

change in area given byP(A r � A l ). The total formula becomes

(�A�x )uj t+ �t = ( �A�x )uj t + � lA lu2
l �t � � r A r u2

r �t + PlA l �t � Pr A r �t + P(A r � A l )�t (4.4)

which in the limit of �t ! 0 and �x ! 0 becomes

A
@
@t

(�u ) = �
@

@x
(�Au 2) �

@
@x

(PA) + P
@A
@x

(4.5)

Similar analysis can be applied for energy as well. Energy in a cell is

A�x (
�u 2

2
+

P
� � 1

) = A�xE (4.6)

First source of change is the transport of matter with energy from its neighbors. On the

left side we have�tu lA lE l . Second contribution is the work done on/by our neighbors. On

the left side we have forceA lPl acting for a distance oful �t for a contribution of A lPlul �t .

Overall we have

A�xE j t+ �t = A�xE j t + �tu lA lE l � �tu r A r Er + A lPlul �t � A r Pr ur �t (4.7)

which in the limit of �t ! 0 and �x ! 0 becomes

A
@
@t

(
�u 2

2
+

P
� � 1

) = �
@

@x
(Au(E + P)) = �

@
@x

(Au(
�u 2

2
+ P

�
� � 1

)) (4.8)

If the area is constant we can drop it and simplify the equations. If we extend to 3

dimensions, we would need to account for contributions from all 6 neighbors as well as add

equations for the other two components of velocity. All can be still written succinctly in

a vector form. The analysis is still the same with basic application of Newtonian physics.

From those equations various simpli�cations for certain applications, such as treating� as

constant for liquids, since they are, in general, not compressible, or discarding� for sound

simulation since it can be assumed it is proportional toP. In our case, however we need all

3 variables.
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The di�culty in 
uid dynamics simulation is that in 3 dimensions it is extremely com-

putationally expensive, as often we need to capture tiny phenomena caused by the chaotic

behavior of the system, which requires small�x . Fortunately in our case we can model the

system as 1-dimensional, albeit imperfectly.

4.4 Solution Methods

One of the most important considerations in solving computational 
uid dynamics problems

are the choices regarding discretization. With time, we assume we know the state of the sys-

tem at time t and wish to obtain the solution at timet + �t . Things are more interesting with

the spatial discretization. Generally we split our region of interest into smaller cells. There

are two main ways to think about this discretization. Finite Di�erence (FD) approaches are

concerned with the value of the center of the cell, while Finite Volume (FV) methods keep

values that are the cell-averaged value for a particular variable. The di�erence is usually

subtle, but generally FV methods allow better reasoning about conservation laws and are

sometimes more intuitive.

For ease of notation, once discretized we are going to refer to time and space with integers.

For example � i
j will denote the value of� at time index i at cell j . We are going to start

with the premise that we have the state of the system at time indexn at each cell and wish

to obtain the solution at the next time stepn + 1, separated by�t . Also, where relevant we

are going to omit the area (A) as a variable to simplify exposition.

Section 4.5 explains the basic method for solving any PDE. Section 4.6 explains more

advanced methods, which we ended up using at the end. Finally section 4.7 explains how

we choose�t .

4.5 Direct Methods

The most straightforward way of solving the Euler equations is to integrate them directly.

First we need to obtain the temporal and spatial derivatives of the quantities in the Euler

equations. Within the equations we have only temporal derivatives on one side and only
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spatial derivatives on the other.

Let's �rst consider the temporal derivative of a quantity Q. We are only concerned with

a single cell so we omit the subscript in this paragraph. An obvious strategy is to de�ne

@Q
@t

=
Qn+1 � Qn

�t
(4.9)

This is a standard approach with �rst order time derivative approximation. It can be ex-

tended to higher orders, such as Runge-Kutta, which is beyond our scope. For a concrete

example let's take @
@t(�u ). There are two ways to discretize it. One is directly setQ = �u ,

where we obtain
@
@t

(�u ) =
(�u )n+1 � (�u )n

�t
=

� n+1 un+1 � � nun

�t
(4.10)

The other approach is to �rst expand the derivative:

@
@t

(�u ) = u
@�
@t

+ �
@u
@t

= um � n+1 � � n

�t
+ � m un+1 � un

�t

=
um � n+1 � um � n + � mun+1 � � mun

�t

(4.11)

Herem can stand for eithern or n + 1, which is another choice that we have to make, which

we'll discuss in a bit.

Let's turn onto the spatial derivative of a quantity Q. Again, if Q is a composite quantity

it is possible to �rst expand it so each derivative term appears individually like

@
@x

(�u 2) = u2 @�
@x

+ 2�u
@u
@x

(4.12)

Let ( @Q
@x)

n
i denote the spatial derivative ofQ at index i at time n. Next consideration is the

order of the approximation. Forward

(
@Q
@x

)n
i =

Qn
i +1 � Qn

i

�x
(4.13)

and backward

(
@Q
@x

)n
i =

Qn
i � Qn

i � 1

�x
(4.14)
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�nite di�erences are examples of �rst order derivative approximation. One could combine

them and achieve central di�erence

(
@Q
@x

) i =
Qn

i +1 � Qn
i � 1

2�x
(4.15)

which is a second order approximation and very widely used. Higher order approximations

can be derived as well. Spatial discretization is the tool that transforms our PDEs into a

system of ordinary di�erential equations.

Let us now investigate what are the implications of all the choices we can make. The

various combinations give rise to di�erent algorithms which are outlined in detail in [38] and

[21].

We can use the discretization strategies to turn our PDE into a regular system of equa-

tions, that we can use to solve for the next timestep. Our unknowns are� n+1
i ; un+1

i ; Pn+1
i

for all i . If we expand the time derivatives from the left-hand side of the Euler equations,

use present time (m = n) in the time derivative approximation and evaluate the spatial

derivatives at present time, we obtain very simple system of linear equations. Moreover the

system is separable, so for each cell we can solve simple linear system with 3 equation. If we

use the conservative quantities directly and do not expand the time derivative get even sim-

pler equations that are all disjoint, except we need to derive the nominal variables from the

conservative quantities detailed in chapter 4.2. If we use use the next timestep (m = n + 1)

in the time derivative approximation, then we obtain, again for each timestep, a system of 3

non-linear equations, which can be solved easily with an iterative method.

However easy, these methods require very small timestep and are impractical [38]. More-

over, if we use more than �rst-order spatial derivative approximations, the simulation be-

comes unstable very quickly [8] [38].

One change we can make is to use the next timestep for computing the spatial derivatives.

This is exactly the same idea as an implicit Euler integration since we already converted the

PDE to an ODE. Now we have our unknowns (� n+1
i ; un+1

i ; Pn+1
i ) in both sides of the equations

and moreover, adjacent cells can no longer be solved independently. So we have to solve a
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giant nonlinear system. Fortunately the system has fairly easy form that allows for numerous

iterative methods to be applied [21]. For example we can use Newton's method which is an

iterative procedure that we can seed either with the state from the current timestep, or with

the solution from the explicit integrator. For a nonlinear system

f i (x1; : : : ; xm ) = 0 (4.16)

for i 2 [1: : : m], the basic formula is

xk+1 = xk � J � 1f (xk) (4.17)

whereJ is the Jacobian of the system with

Jij =
@fj
@xi

(4.18)

The Jacobian of our system is band-diagonal, which allows for e�cient solving of the update

equation with either LU or Cholesky decomposition, as well as with second layer of iterative

solvers such as Gauss-Seidel or Jacobi methods. The non-exact iterative solvers are preferable

since we do not require the exact solution to the inner problem, as the outer step is itself

approximate, and with an iterative solver we can make use of very few inner iterations, which

is faster than full LU decomposition.

These are called implicit methods and are very stable and allow for large timestep. How-

ever, they are not very accurate and also require complex iterative solver.

There exists a solution to the accuracy problem with semi-implicit methods. Instead of

computing the spatial derivatives at the current timestep or the next we can compute them

as a weighted sum of both timesteps. This adds little complexity to the implicit method since

the values at the current timestep are known. More speci�cally instead of explicit central

di�erencing

(
@Q
@x

) i =
Qn

i +1 � Qn
i � 1

2�x
(4.19)

or implicit

(
@Q
@x

) i =
Qn+1

i +1 � Qn+1
i � 1

2�x
(4.20)
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we can have a combination of both in the form of

(
@Q
@x

) i =
Qn+1

i +1 � Qn+1
i � 1

2�x
� + (1 � � )

Qn
i +1 � Qn

i � 1

2�x
(4.21)

where � can be any value between 0 and 1, with those extremes corresponding to explicit

and implicit di�erencing respectively. Integration with � = 1
2 results in both a stable method

and second order spatial accuracy, albeit still at the cost of complex iterative solver [38]. We

did not pursue this line of methods further and instead focused on Godunov's method.

4.6 Flux Methods

4.6.1 Riemann Problem and Sod Shock Tube

An important problem in PDEs is solving the initial value problem composed of two piecewise

constant initial regions. In gas dynamics it is called Sod shock tube with the conditions

usually being constant temperature, zero velocity and di�erent pressure in both sides. At

the beginning of the simulation there is a shockwave (travelling at the speed of sound)

plus two slower waves. There exist exact solutions for those simple kind of problems and

simulating their propagation is a good tool to test 
uid dynamics solvers. Figure 4.2 shows

a sample solution.

The Sod shock tube problem is particularly important for us since it mimics the situation

where the control valve in our pneumatic system opens suddenly and the compressed air

rushes through the pneumatic line towards the cylindrical actuator. Therefore we extensively

used it to evaluate the algorithms as well as a debugging tool.

4.6.2 Basic Flux Method

Let's go back to our derivation of the Euler equations and remember that at each cell the

change of mass, momentum and energy is due to interaction with its neighbors. Using the

Finite Volume discretization approach we know the total amount of each of the conserved

quantities in each cell. Therefore if we calculate the interaction of each cell with its two
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Figure 4.2: The three channels of the Sod shock tube solution. Simulation is 50ms of a tube

of total length of 5m. The two ends of the tube are sealed (just like a pneumatic cylinder),

therefore the waves re
ect and complex interplay between them happens.

neighbors at their boundary explicitly and add to the current amount we can update the

system easily. As discussed in section 4.3, the two components of the interaction are the

transport of quantities due to velocity and the e�ects of the force due to pressure. Collectively

they are called 
ux and the amount of 
ux that the left cell loses is exactly the amount of 
ux

that its right neighbor gains. Therefore if we compute the 
ux for each intercell boundary,

we can use it to update both cells with just switching the sign. Flux has three components

that are expressed in units of mass, momentum and energy per second.

The 
ux through a point in space is with given state (�; u; P ) is:

(A�u; A�u 2 + AP; u(0:5 � A�u 2 + AP
�

� � 1
) + APu)

= A(�u; �u 2 + P; u(�
u2

2
+ P

�
� � 1

) + Pu)
(4.22)
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The 
ux between cellsi and i +1 is then determined by the state at their intercell boundary.

We denote that state by� i + 1
2
, ui + 1

2
, and Pi + 1

2
. For a quantity Q the most obvious solution

would be to set it as the average of its neighborsQi + 1
2

= Q i + Q i +1

2 . Using this approximation

we obtain exactly the same numerical solution as solving directly with explicit integration

and central di�erencing as outlined in section 4.5, which is very unstable.

4.6.3 Godunov's Method via Riemann solution

Instead of simply averaging both neighbors to �nd the value at the intercell boundary, one

can consider the mini-Riemann problem formed at the boundary of the two cells. Akin to

the Sod shock tube, we have two regions with di�erent state. The solution to this problem

will be locally valid (assuming the initial values are correct: see section 4.6.4) and using the

part of the solution at x = 0 (�gure 4.3) will provide much better approximation for the

intercell boundary state. This is the basis of Godunov's method [36].

It is interesting that we only need the solution atx = 0, but that is the exact boundary

between the cells and we only care at the state exactly at the boundary, as that would

determine the 
ux between the cells. The solution to the Riemann problem is constant

along a line of constantx=t, therefore we look for the solution at thex=t = 0 line (�g. 4.3). Of

course this method is still an approximation, because the state is not guaranteed to remain

constant in the duration of �t , but in practice gives much better results, nicely combining

the power of numerical simulation with the analytical solution to a simpler problem.

There is in general no analytical solution to the Riemann problem for the Euler equations.

However, once the pressure in the "star" region (see �gure 4.3) is found, the rest can be found

analytically. To �nd the pressure in the "star" region one has to solve a non-linear equation

with Newton's method [36]. There are also various approximate Riemann solvers [36] that

can be used directly, or as a seed to the exact method. The exact procedure can be found in

[36]. Even though it is an iterative method, each iteration only involves a handful of scalar

computations and we discovered that 2 iterations is enough to reach stable solution.
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Figure 4.3: Example solution to few Riemann problems. The "star" region has constantu�

and P � , while the density is split along the middle wave. The "fan" region (grayed area)

has continuously varying state that can be easily found once the "star" region is solved. A

complex solver is needed as thex=t = 0 line can be in any of the regions between the 2 waves

(marked with solid lines) and the "fan" region. Shown are 4 cases, while in practive there

can be 10 di�erent relative positions of thex=t = 0 line, the two sharp waves and the "fan"

region.

4.6.4 MUSCL Reconstruction

Godunov's method is �rst order accurate [36]. One way to increase the resolution of the

method is to better approximate the initial values for the mini-Riemann problem. The basic

version just assumes that the values are constant in each cell. Instead, we can allow for a

linear variation like in �g. 4.4a. Then at each cell boundary (i + 1=2) we use the rightmost

value from the left cell (uL
i + 1=2

) and the leftmost value from the right cell (uR
i + 1=2

) as our inputs

to the Riemann problem (�g. 4.4b).

One thing to note is that the reconstruction needs to happen in the set of conservative

variables (� , �u , E). We are doing linear extrapolation and while we are keeping the integral

of the extrapolated variable the same, the non-linear relationship between (rho, u, P) and
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Figure 4.4: MUSCL Reconstruction
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(� , �u , E) means we are going to change the amount of the conserved quantities, which is

physical violation.

One can simply approximate the slope in each cell using its two neighbors in a scheme

akin to central di�erencing (�g. 4.4c). However that can lead to situations where the

reconstructed values in the left cell is higher than the reconstructed value in the right cell,

while the left cell value itself is smaller than the right one. This can lead to undesirable

oscillations in the solution. A smarter way is to limit the slope of celli to the smaller of

the slopes to its two neighbors, as well as set it to zero (constant value in the cell) when the

two neighbors are both above or below the current cell (�g. 4.4d). That ensures that the

reconstruction does not introduce new extrema and therefore a stable solution.

Figure 4.5: Comparison betweenMUSCL re-

constructed simluation (solid color) and ba-

sic Godunov's method (light color).

That basic idea is at the center ofMUSCL,

which stands forMonotonic Upstream-centered

Scheme for Conservation Laws. There is a

lot of research into smarter ways to limit the

slope using so called slope limiters [36], as well

as schemes using higher order reconstructions,

such as quadratic variation inside each cell.

However, we did not investigate as we it turns

out we do not need extreme spatial resolution.

Using �rst order methods smears the sharp

frontier of waves (�g. 4.5). Similar e�ects are

also caused by the viscosity of air travelling

through a small tube (see chapter 5.1) so al-

though we had a basic version ofMUSCL we

did not use it for most of subsequent experi-

ments.
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4.7 Choosing �t

As with any physics simulation�t is one of the most important parameters. The Courant{Friedrichs{Lewy

condition [4] normally governs the choice of�t :

C =
umax �t

�x
� Cmax (4.23)

whereC is called the CFL number andumax is the maximum velocity of the conserved quan-

tities we are simulating. Note that this is not the the physical 
uid velocity, but the shock

wave propagation speed (the radial lines in �g. 4.3).Cmax is method-dependent number that

is less than 1 for explicit methods such as some 
ux methods, including Godunov's method.

For implicit methods it can be higher than 1, which allows for higher�t . Therefore we have

the following requirement for�t :

�t �
Cmax �x

umax
(4.24)

For values ofCmax = 1, umax = 500m=s (the typical speed of the shock wave after opening

the valve is higher than speed of sound due to the pressurized air) and�x = 1cm we need

to have �t � 20�s . In practice, however, we found that under those conditions we need

�t � 17�s , otherwise the simulation becomes unstable.

The intuitive explanation is that at Cmax = 1 in time �t , the shock will travel exactly one

cell distance of�x . Higher �t would mean that cells that are not neighbors have exchanged

information within a timestep. Most methods only assume neighboring cell interactions,

therefore higher�t would violate that assumption. One possible reason for needing even

smaller �t than what equation 4.24 would suggest is that within a cell we have in
uence from

both sides and when the informations from both neighbors traveling in opposite directions

meet, it creates non-linear interaction. Since the CFL condition gives us just a guideline, in

practice we choose whatever�t gives us stable solutions for each particular problem.
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Chapter 5

PDE BASED PNEUMATIC SYSTEM

We now present our solution to the components mentioned in chapter 3.2 of the pneu-

matic system, namely the pneumatic lines, the proportional valves and the actuator itself.

Although the solution is via uni�ed Partial Di�erential Equation (PDE) model, each com-

ponent in
uences the air 
ow di�erently, so we present the each of them separately. This

chapter is our work that builds on the basic CFD solution that we outlined in chapter 4.

Here we introduce the elements that deviate from the idealized model into a more realistic

pneumatically actuated system. In section 5.1 we explore how pipe length and area a�ect the


ow strength. Section 5.2 details how temperature considerations a�ect the 
ow. Section 5.3

explains how we can �t a valve model into our PDE as well as model cylinders and variable

pipe cross sectional areas. Section 5.4 details the motion of the valve piston. In section 5.5

we move away from single line and onto more realistic pneumatic systems with interesting

topologies. In section 5.6 we explain how the pneumatic system we built interacts with

a general purpose physics simulator and allows for pneumatic control of arbitrary robotic

systems. Finally, section 5.7 deals with implementation details.

5.1 Viscosity

When a 
uid 
ows near a surface its velocity at the surface is zero and increases further

away from the surface [11]. This is due to the viscosity of the 
uid and the relative friction

between the layers of 
uid. There is friction between the layers, because they actually move

at di�erent velocities, with the velocity at the edge being 0 due to the no-slip condition

[11]. This creates the boundary layer e�ect [11], or no-slip condition. Lower viscosity leads

to sharper boundary layer and also retards the 
ow to a lesser degree. Although air is not
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Figure 5.1: Hagen{Poiseuille velocity pro�le

particularly viscous the small diameter of the pneumatic lines makes the e�ect noticeable.

According to the Hagen{Poiseuille law [11], the velocity pro�le of a 
uid 
owing inside a

tube is not uniform but follow a parabolic pro�le (�g. 5.1). If the average velocity in a tube

of radius R is uavg, then the velocity at a distancer from the center is given by

u = 2uavg(1 �
r 2

R2
) (5.1)

The shear stress (force per unit area) between two layers of 
uid moving at di�erent velocities

is given by� = � @u
@r, where� is the coe�cient of dynamic viscosity which is around 2�10� 5 N �s

m2

for air. Using this one can show that the total restraining force at a cell with width�x is

Fr = 2uavg� (2� )�x (5.2)

As can be seen, higher viscosity leads to more restraining force, as do higher velocity and

longer segment. It is interesting that the diameter of the tube does not a�ect the restraining

force, which means that the e�ect will be much bigger in a narrower tube, as the same force

will be acting on a smaller mass.

The only modi�cation to the Euler equations then is to add a term� Fr �t to the momen-

tum equation. Intuitively, one might also want to incorporate the friction loss in the energy

term. However, that would be wrong since the energy is not lost, just converted to heat and

remains in the system. That would get taken care of automatically. For a given set of mass,
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� = 0N �s=m2

� = 5 � 10� 4N �s=m2

Figure 5.2: Pressure inside a pneumatic line and actuator at di�erent viscosities. Red graphs

represent a pressure tap immediately after the valve, green graphs correspond to pressure

tap midway between the valve and the cylinder, while blue graphs are the cylinder pressure.

The solid lines represent the values for� = 0 and � = 0:0005, while the shaded region is

obtained by smoothly varying the viscosity between the two bounds.

momentum and energy, reducing the momentum leads to lower velocity, which lowers the

kinetic energy, and with constant total energy, the temperature would rise.

Figure 5.2 shows the e�ect of adding viscosity to the simulation. Clearly viscosity retards

the wave propagation, delays it and attenuates it. Overall there is less mass 
ow through

the pneumatic system and it would take longer to �ll up an actuator.

5.2 Temperature

Most previous pneumatic models assume constant temperature. However, that is incorrect

since the rapid movement of the air from the compressed side to the cylinder leads to cooling

at the cylinder entrance, as well as heating up at the far end of the cylinder. That can be even

felt by touching it. In the situation of �lling up an actuator with compressed air using the

idealized Euler equations we will get huge temperature variations across the pneumatic line,

even after allowing for everything to settle. However that is not realistic, and temperatures

do return to room values due to contact with the pipe.
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